A system providing an optical frequency with an instability comparable to that of a hydrogen maser is presented. It consists of a 5 cm long, vertically oriented silicon optical resonator operated at temperatures between 1.5 K and 3.6 K in a closed-cycle cryostat with low-temperature Joule-Thomson stage. We show that with a standard cryostat, a simple cryogenic optomechanical setup, no active or passive vibration isolation, a minimum frequency instability of 2.5 × 10 −15 at τ = 1500 s integration time can be reached. The influence of pulse-tube vibrations was minimized by using a resonator designed for low acceleration sensitivity. With reduced optical laser power and interrogation duty cycle an ultra-low fractional frequency drift of −2.6×10 −19 /s is reached. At 3.5 K the resonator frequency exhibits a vanishing thermal sensitivity and an ultra-small temperature derivative 8.5×10 −12 /K 2 . These are favorable properties that should lead to high performance also in simpler cryostats not equipped with a Joule-Thomson stage.
I. INTRODUCTION
Optical resonators play an important role in the generation of laser light with ultra-stable frequency. They are essential to the field of optical atomic clocks, where they are utilized for the pre-stabilization of the laser wave used for the interrogation of ultra-narrow atomic transitions 1-3 . Other applications are in gravitational wave detectors 4, 5 and for tests of fundamental physics [6] [7] [8] [9] [10] [11] .
The most common type of resonator consists of a hollow spacer of length L which introduces a fixed separation between two mirrors that are optically contacted to its end surfaces. The design of the spacer geometry and support is usually optimized to reduce length variations produced by environmental vibrations. To counteract thermally induced variations in length, the resonators are usually made of materials that exhibit a particularly low thermal expansion coefficient at the desired operational temperature. Ultra-low-expansion glass (ULE) is today the most common material for use at or near room temperature. Another promising material is the ceramic Nexcera [12] [13] [14] . However, the Brownian motion imposes a fundamental limitation to their length stability 15 . This is on the order of 1 × 10 −15 for room-temperature resonators with a typical length of ≤10 cm [16] [17] [18] [19] [20] . The instability was successfully lowered to 8 × 10 −17 using a 48 cm long resonator 21 . Furthermore, room-temperature resonators made of ULE material suffer from drift. The drift rates vary substantially between units, with one of the smallest values being 1.6 × 10 −17 /s (Ref. 14) . One approach for reducing both limitations is the operation of the resonators at cryogenic temperatures 6, 7, [22] [23] [24] [25] [26] [27] [28] [29] .
Here, we present a cryogenic single-crystal silicon resonator developed for low vibration sensitivity and frequency stability comparable to that of a hydrogen maser, a) Electronic mail: step.schiller@hhu.de. operated in a cryogenic system of moderate complexity. In order to reduce the resonator manufacturing cost, we simplified the design to a cylindrical shape. A fairly complete characterization of the resonator was possible using a system composed of a stable interrogation laser, a frequency comb and a hydrogen maser.
II. DESIGN

A. Cryostat accelerations
The goal of our resonator design was to minimize its acceleration sensitivity, in order to achieve good performance in closed-cycle cryostats that provide no advanced vibration isolation. In such units, the pulse-tube and seismic accelerations are transmitted to the optical setup. As an example, our closed-cycle cryostat (Leiden Cryogenics, CF-1K) exhibits the acceleration spectrum displayed in Fig. 1 a. The accelerations were measured on the optical setup, during operation at 1.5 K, for the three cartesian axes, using a precise interferometric sensor. With an optical head of the sensor located outside the cryostat, we used optical windows to reflect a laser beam from the device under test. While it is best to measure the acceleration directly on the resonator, here this was possible only for its vertical motion, because of the limited optical access. To measure this motion, the laser interferometer beam was reflected from one of its end faces. The motion along the two horizontal directions was instead measured by reflecting the sensing laser beams from two other silicon resonators (designated as "Si1" and "Si2") contained within the cryostat.
The spectrum consists of peaks at multiples of 1.4 Hz, the base frequency of the pulse-tube cooler. The total acceleration integrated over the frequency range from from 1 Hz to 200 Hz is 4.9 × 10 −3 g, see Fig. 1 b. The largest contribution arises from the vibrations introduced by the rotary valve stepper motor, which operates with a fre- . The combined total acceleration is the root sum-of-squares of the three individual total accelerations. quency close to 150 Hz. Contribution from the vibrations of the lab ground, measured with a high-sensitivity piezoelectric transducer, is seen in Fig. 1 c and d , and is on the order of 0.9 × 10 −3 g. It is dominated by the vertical component.
Because of this high acceleration level (compared to a standard room-temperature set-up placed on a standard active vibration isolation platform) a minimized acceleration sensitivity of the resonator frequency is clearly necessary.
B. FEM Simulations
The resonator developed in this work is a verticallyoriented, axially symmetric structure, supported at three points. It follows the concept presented in refs. [22] [23] [24] 26, 27 , but was further simplified by avoiding the conical spacer shape and employing instead a simple cylindrical shape. The spacer diameter and length were chosen to be 37 mm and L = 50 mm, respectively, the mirror substrates are of standard one-inch diameter and 6.3 mm thick. All the other geometry parameters were optimized using a commercial finite-element-method (FEM) package (Ansys). The optical axis of the resonator was aligned with the [111] crystallographic direction of the silicon crystal, which is the direction with the highest Young's modulus. We used the silicon stiffness matrix from Ref. 30 in our simulation. The optimization was done by calculating the acceleration sensitivity of the resonator, defined as fractional length change per unit acceleration, ∆L/(a i L), for different values of the geometrical parameters and for different directions i of the acceleration. After defining a set of values we studied the influence of imprecise optical contacting, of an offset of the resonator's position relative to the three support points (fixed in space) and of manufacturing tolerance (assumed to be 0.1 mm). Our optimization was aimed at minimization of these three sensitivities. This resulted in a support ring with diameter and thickness of 67 mm and 20 mm, respectively, an offset of the ring from the horizontal center plane toward the top of 0.51 mm, a diameter of the central bore of 15 mm. The venting hole has 2 mm diameter, is located in the upper half of the resonator, is centered 5 mm below the top surface and forms an angle of 63 deg with the [100] crystallographic direction of silicon crystal. Partial results of the sensitivity calculations are displayed in Fig. 2 a -c. With three supports placed at a radial distance of 26 mm from the optical axis of the resonator, the acceleration sensitivity variation with vertical offset of the support ring, under 1 g vertical acceleration, is 16 × 10 −11 /(g · mm). The sensitivity to an imperfect radial positioning of the resonator relative to the supports is 5 × 10 −11 /(g · mm) and the sensitivity to a parallel offset of the optical axis from the symmetry axis of the resonator is 4 × 10 −11 /(g · mm). (c) Sensitivity to offset of the optical axis from the symmetry axis of the resonator (1 g acceleration is applied in transverse direction). (d) Sensitivity to rotation of the resonator around the symmetry axis and an application of 1 g vertical acceleration. (e), (f) examples of the simulation results for the resonator with optimized shape. Color indicates the displacement in meter along the vertical direction (z-axis) due to the application of 1 g vertical acceleration. In (e) the displacement of the surfaces is shown; in (f) the displacements of the volume elements in the mid-plane cut along the vertical YZ plane (see definition of the cut plane in (e)) are shown.
We also simulated the effect of rotation of the resonator around the vertical symmetry axis, while the support points remained fixed in space. The result is presented in The sensitivity is periodic with a period of 120 deg, due to silicon's anisotropic crystal structure, and has an amplitude of 3 × 10 −10 /g. This results in a slope of 5 × 10 −12 /(g · deg) around the sensitivity's zero crossing. Fig. 2 e and f display the deformation of the resonator of optimum shape (without manufacturing errors) and placed on the three supports at optimum position, with resultant zero sensitivities. In the simulation, a vertically oriented 1 g acceleration is applied to all volume elements. The simulation reveals a displacement of the top and the bottom mirrors by the same amount, approximately 1.5 nm, leaving the distance between them and thus the resonator frequency unchanged. Final geometry of the resonator after FEM optimization is presented in Fig. 3 . 
C. Modeling of thermal noise
Random Brownian movement of the atoms in the crystal lattice of the spacer and of the substrates as well as in the mirror coatings results in a random fluctuation of the distance between the mirror internal surfaces 15 . Thus, this motion directly influences the optical path length and sets fundamental limits to the frequency stability of a laser wave whose frequency is locked to the resonator. For future reference, we calculate the thermal-noise induced instability of the resonator length at 1.5 K, assuming the parameters listed in Tab. I. The results are presented in Tab. II. A thirteen-fold reduction of thermal noise from 300 K to 1.5 K is predicted, to the level 2.8 × 10 −17 at 1.5 K. The coating contributes over 96% to the total noise, because of its amorphous nature. The use of crystalline mirrors could here provide a significant further reduction. In the present work the performance of the system is not limited by the thermal noise.
III. APPARATUS
A. Resonator and resonator support
The resonator (denoted by "Si5" in some figures) was manufactured from a cylindrical silicon crystal (resistivity 8 kOhm/cm, diameter 4 inch), grown along the [111] crystallographic direction using the float zone method.
The optical axis of the resonator is aligned with this direction. The two end faces were polished to optical quality. High-reflectivity dielectric mirrors for 1.5 µm wavelength were optically contacted to them in-house. These silicon substrates originate from a different block of material, having a resistivity of 4 kOhm/cm and a diameter of 4 inch. Their symmetry axes are oriented along the [100] crystallographic direction. This aspect was not included in the above simulations.
The resonator was installed in an optical set-up inside a pulse-tube cryostat equipped with a Joule-Thomson stage (Leiden Cryogenics). A picture of the set-up and the corresponding schematic are shown in Fig. 4 . The resonator was supported from below at three points. The supports were pressure screws with stainless steel balls at their ends. The balls were cut in half so as to produce a circular surface of 3 mm diameter. To increase the friction between the balls and the resonator a layer of indium foil was placed between them. In order to reduce the fluctuations of the resonator's temperature caused by the fluctuations of cryostat temperature, we split the support into two parts: a copper cylinder as intermediate part and a stainless steel base. The latter acts as a thermal low-pass filter, given its reduced thermal conductivity compared to copper. The resonator temperature was measured by a sensor (cernox) attached to the top surface of the silicon support ring using a cryogenic grease.
B. Cryogenic optical setup
The coupling of the laser light into the resonator and the detection of the resonator response are performed on a cryogenic breadboard with a footprint of 116 mm x 140 mm, shown in Fig. 5 . The compact design minimizes the optical path length in order to reduce the effect of unavoidable misalignments upon cooling to cryogenic temperature. Additionally, it incorporates two motorized mirror mounts allowing to correct for the misalignments.
The light of the laser is carried to the breadboard setup using a single-mode polarization-maintaining fiber. The end of the fiber is fixed to the breadboard and coupled out using the fiber collimator FC. The wave is guided to the resonator by reflecting off two motorized mirrors MM. Upon reaching the polarizing beam splitter PBS, a small part of the light is diverted to the quadrant photodetector, marked as QPD, for monitoring of the beam position. The remainder is guided to the resonator, passing through a quarter-wave plate (not shown in the schematic). It is partially reflected from the front mirror. The reflected light is detected by a high-bandwidth photodetector PD. The signal can be used for a Pound-Drever-Hall-type lock (PDH), not implemented here. The light transmitted by the resonator is split by a beam splitter. One part is detected by a photodiode installed below the experimental plate (not shown). The other part exits the cryostat through a window and is used for identification of the transverse mode excited by the laser. For this purpose, a high-sensitivity room-temperature InGaAs camera is installed outside the cryostat in the beam path.
C. Optical frequency stabilization system and procedures
The concept of the present system is to combine a laser with a good short-term (τ ≤ 20 s) frequency stability with a cryogenic resonator whose task is to provide a better frequency stability on medium (¿ 20 s) and long (¿ 1000 s) time scales than possible with a roomtemperature reference resonator. Therefore, we use a room-temperature, 10 cm long ULE resonator for the prestabilization of the laser's frequency. The pre-stabilized laser then interrogates the TEM 00 mode of the cryogenic resonator. The overall layout of the optical setup is presented in Fig. 6 . It includes components necessary for the characterization of the system performance.
The pre-stabilized laser (optical frequency f ULE ) has a linewidth of less then 1 Hz at its output. Part of this light is transferred to the cryogenics lab and into the cryostat via an approximatly 50 m long optical fiber. Initially, no active fiber noise cancellation was installed for the path between the pre-stabilized laser and the cryogenic lab. The typical broadening of the linewidth due to fiber noise along this 40 m long path was measured to be 20 Hz. Additional noise is likely introduced by the vibra-tions inside the cryostat along the remaining 10 m long fiber, but could not be measured independently because no wave reflected back from the resonator or from the end of the fiber could be observed. One part of the prestabilized laser light is used for measuring the laser frequency f ULE with a frequency comb referenced to an active hydrogen maser. The maser is continuously compared to a GNSS signal providing a reference frequency f atomic . To improve the sensitivity of the frequency measurements we reduce the spectral width of the comb lines by phaselocking the comb to the pre-stabilized laser. The repetition rate f rep of the comb is measured with a low-noise frequency counter and from the data f ULE /f maser is computed.
Another part of laser light, fiber-splitted in the cryogenic laboratory, is guided to the 25 cm cryogenic ultralow drift silicon resonator 7 (denoted by "Si1" in some figures) installed on another optical breadboard inside the same cryostat. This resonator is also employed as a reference for determination of the frequency instability of the 5 cm resonator.
We use an acousto-optic modulator (AOM with frequency f AOM ) to bridge the gap between the laser frequency f ULE and the frequency of the closest TEM 00 mode of the silicon resonator, driven by a direct digital synthesizer (DDS) controlled by a personal computer (PC).
To determine the frequency of the resonator we repeatedly measure the line center frequency. Two techniques have been employed: (1) scanning over the resonance line and (2) alternating interrogation of the half-transmission points of the resonance. Both techniques are compatible with the use of very low light power (≤1 µW). Also, they do not require continuous coupling of laser light into the resonator, but can be applied, if desired, with low duty cycle. Together, these features help to reduce permanent or semi-permanent changes in the mirror coatings due to exposure to laser light. Another advantage is the absence of offsets introduced by active optical elements, e.g. residual amplitude modulation introduced by an electro-optical modulator (EOM) or laboratorytemperature-induced variations of the PDH electronics lock point. In the linescan technique, each center fre- quency determination is carried out by sweeping the frequency of the laser light over the resonance line with an AOM. The light transmitted through the resonator was detected by the cryogenic detector and the signal sampled by a 14-bit DAQ card with 40 kS/s. The frequency span was set to twice the linewidth, 2∆ν = 40 kHz, and the (one-way) scan time was set to 0.7 s. The data of two subsequent scans, upwards and downwards in frequency, was averaged. This data was subsequently fitted with a Lorentzian function to determine the AOM frequency f AOM corresponding to the resonator's center frequency. This frequency value is thus obtained essentially immediately after each pair of scans. A digital control modifies the scan range settings so as to maintain the resonance frequency in the center of the range. In addition, the value f AOM is stored and used to compute the resonator frequency as f res /f maser = f ULE /f maser + f AOM /f maser . In our measurements, the procedure is repeated continuously, but as mentioned, a wait time interval could be inserted if needed.
The detuning technique is realized by periodically shifting the laser light frequency by ±∆ν/2 relative the resonance frequency f res , to one of the two halftransmission detunings. The signal of the transmission photodiode for −∆ν/2 detuning is measured at time step i − 1 and averaged over a 500 ms time period, yielding the value A i−1 . Subsequently, the other halftransmission position is selected and the corresponding amplitude A i recorded. Then, the frequency correction ∆f AOM,i = (∆ν/2)(A i − A i−1 )/(A i + A i+1 ) is calculated and applied to the AOM. The absolute frequency of the resonator is computed as in the case of the linescan technique.
IV. CHARACTERIZATION
A. Temperature stability
The temperature stability of the resonator is important since it can affect its medium-and long-term frequency stability through the coefficient of thermal sensitivity of frequency (CTF). Fig. 7 compares the temperature instability measured on the resonator and on the base plate, at two operating temperatures, and under two different operating modes. The laser light was blocked during these measurements. The temperature instability is given as a modified Allan deviation and is computed from the temperature time series. At the temperature of 1.5 K the instability of the free-running resonator temperature is lower than that of the base plate for integration times up to 1000 s. This shows that the baseplate temperature variations are substantially attenuated by the resonator support structure. The smallest temperature instability The instability data combined with the thermal expansion coefficient of the resonator at 1.5 K, 7 × 10 −12 /K, yields an estimate of the frequency instability of the resonator. This is shown on the right axis of Fig. 7 . The instability is above the level of the calculated thermal noise for all integration times. Thus, for operation at 1.5 K the current support structure would represent a limiting factor for the future resonator performance. An improvement could be realized by introducing a second stage of passive thermal isolation or, as done in this work, by actively stabilizing the temperature of the base plate (see Fig. 7 a) . This improvement was not necessary for the experimental results presented here.
To operate the setup at 3.5 K, a temperature of particular interest (see below), an active temperature stabilization was implemented. The resulting temperature instability of the resonator is 10 µK or less for all integration times up to 10 000 s. The inferred frequency instability of the resonator, depicted on the right axis, was calculated assuming that the temperature set point has an undesired offset of 0.02 K from the optimum temperature. Such a small deviation is conservative, in view of the accuracy with which the optimum temperature is in principle measurable, see Fig. 10 d. The absolute value of the CTF is then less than 2 × 10 −13 /K. This yields a frequency instability of less than 3 × 10 −18 , significantly below the thermal noise limit.
The temperature instability presented in Fig. 7 must be viewed with caution. Variations of laboratory temperature affect the reference voltage in the control electronics of the active temperature stabilization circuit. The voltage variations are interpreted as variations of the cryogenic temperature. This explains the large difference between the instability measured by loop base plate sensor and by the sensor attached to the resonator, seen in Fig. 7 b. While the in-loop sensor suppresses the influence of the lab temperature variations, the monitor sensor at the resonator does not. Therefore, the temperature instability of the resonator is likely to be equal or below the instability presented in Fig. 7 .
B. Resonator properties
After cooling down to 4 K, only a slight optimization of the in-coupling by actuating the mirrors was required. The cooling was then continued down to the operational temperature of 1.5 K. The TEM 00 resonance was identified and could be routinely interrogated with the pre-stabilized laser. A typical scan is presented in Fig. 8 a. From fits of Lorentzian functions to a series of scans we find a mean full width at half maximum of 24.2 ± 0.2 kHz. This corresponds to a finesse of 120 000. The measured incoupling (1 − P r,on /P r,off ), where P r,on is the on-resonance reflected power and P r,off is the offresonance reflected power, was 10%. The mode matching efficiency, determined by characterizing the incoupling of other transverse modes, was 60%. The fit residuals in the figure deviate clearly from near zero when the laser frequency is tuned to the vicinity of the half-maximum resonator transmission frequency (bottom panel in Fig. 8 a) . This indicates the presence of frequency fluctuations of the resonator. They are due to the vibrations generated by the cryostat, as can be seen from the fact that the residuals are weaker when the cooler is off (see Fig. 8 b) .
C. Acceleration sensitivity
One of the goals of this work was minimization of the resonator's acceleration sensitivity. The characterization of this property is therefore of importance. It is usually done by shaking the resonator along one of the three orthogonal spatial directions and observing the frequency shift of the resonator. However, in our case, the structure of the crystat prevented us from producing controlled vibrations in desired directions, and thus made it impossible to measure the vibration sensitivity for the three spatial directions individually. However, we were able to estimate the overall sensitivity of the resonator submitted to the accelerations produced by the cryostat by measuring the variations of the transmission signal caused by the deformations of the resonator.
An estimate of the sensitivity can be obtained using a side-of-fringe discriminator technique. For this, the laser light is frequency-tuned so that the (time-averaged) transmission signal is half the maximum. Then, the fluctuations of the transmission signal are recorded. Fig. 9 a shows a time trace (orange). For comparison, we also determined the contribution arising from power variations of the laser wave. They were measured with the laser frequency tuned to maximum transmission of the resonator. Finally, we measured the background noise in the coaxial cable by blocking the laser light. We calculated the r.m.s. amplitude deviations corresponding to these three situations, ∆A S , ∆A T , ∆A N . The r.m.s. signal deviation at the half-transmission detuning due to relative frequency fluctuations between laser and resonator, ∆A eff , is obtained after subtraction of ∆A T /2 + ∆A N from ∆A S .
The correction compared to using only ∆A S is at the 1% level.
Using ∆A eff together with the slope of resonator transmission at half-maximum, S = 0.17 a.u./kHz, and the total acceleration a total , we obtain the acceleration sensitivity σ total = 61.5 kHz/g (3.2 × 10 −10 /g).
We obtained the spectrum of frequency fluctuations from the power spectra corresponding to the time traces in Fig. 9 a. It is presented in Fig. 9 b. Conversion into frequency units was done using the transmission signal sensitivity S. Integration of the power spectral density provides an estimate of the linewidth that a laser locked to the resonator would exhibit, assuming that the measured frequency fluctuations are solely due to the resonator length fluctuations. Fig. 9 c shows the integrated frequency noise. The total contribution within the detected bandwidth is 250 Hz. This value is in agreement with the first estimate above. The frequency fluctuations, and thus the acceleration noise in the frequency bands [1, 20] Hz and [140, 150] Hz contribute most to the linewidth.
The data in Fig. 9 b together with the acceleration data of Fig. 1 allows a direct determination of the resonator acceleration sensitivity as a function of frequency, by computing their ratio. We show this for the frequency bands mentioned above in Fig. 9 d. The mean sensitivity is 133 kHz/g (6.9 × 10 −10 /g). Note that the individual values in the spectrum vary by one order of magnitude around the mean. The largest value is 7 × 10 2 kHz/g (5 × 10 −9 /g) at a frequency of 7 Hz. In view of the fact that we cannot separate the contributions of the three spatial components of the acceleration in the transmission signal, our analysis cannot be more precise.
D. Coefficient of thermal sensitivity
The coefficient of thermal sensitivity of frequency (CTF) of our resonator, α res was determined in the temperature range between 5.5 K to 1.5 K by cooling down or heating up the cryostat over several hours and simultaneously measuring the resonator frequency using the half- transmission detuning technique described above. The raw data of the experiments are presented in Fig. 10 a, c, and e. The total change in resonator frequency from 5.5 K to 1.5 K is 7 kHz. Clearly, the resonator frequency exhibits and extremum at 3.52 K, its CTF vanishes there.
The CTF in the temperature region below 2.12 K was determined by a linear-in-T fit to the data (see Fig. 10 b) . The resulting CTF is constant, α res (T < 2.1 K) = −7.33 × 10 −12 K −1 with a fit error smaller than 0.3%. The remaining data were fitted with a cubic polynomial (see Fig. 10 b) . We find α res (2.1 K < T < 4.5 K) = (2.72(T /K) 2 − 10.0 (T /K) + 1.65) × 10 −12 K −1 . While the uncertainty of the T 2 coefficient is 2%, it is smaller than 1% for the two remaining coefficients.
In order to determine precisely the temperature of zero CTF, a sinusoidal modulation of the temperature was applied around the mean temperature of T = 3.5 K, using a heater attached to the experimental plate. The corresponding change in frequency of the resonator is depicted in Fig. 10 c. A quadratic fit was performed (see Fig. 10 d) , yielding a zero CTF temperature T 0 = 3.52 ± 0.02 K with derivative dα res /dT = 8.5 × 10 −12 /K 2 . This value is a factor 40 smaller than at the zero-CTF-temperature 17.4 K, where it is −3.4×10 −10 /K 2 (see below), and a factor 2000 lower than at 124.2 K, 1.7 × 10 −8 /K 2 , (Ref. 26) . Assuming that the operating temperature has an undesired offset of 0.02 K from the zero-CTF temperature, the CTF is a factor 35 smaller than the CTF at 1.5 K.
We also determined the CTF in the extended temperature range between 22 K and T 0 from data obtained during a 15-day-long slow cool-down of the cryostat. The results are presented in Fig. 10 e, f. Our results on the CTF for the temperature range below 6 K were confirmed on different occasions: upon heat-ing and cooling of the setup, after prolonged operation (> 0.5 year) at 1.5 K and twice immediately after heating of the whole setup to over 100 K. During these measurements we found a minor variation of the zero CTF temperatures and of the slope at this temperature: ±20 mK and ±1 × 10 −12 /K 2 , respectively.
The CTF results differ significantly from the data published in Ref. 28 , which was obtained for a silicon resonator with a different support. While in that work the supporting frame was also made of copper, the resonator was held by ten flexible steel wires that reduced strongly the influence of the thermal expansion of the copper frame. In the present work, the resonator and the copper frame are connected by friction. Thus, a temperature change of the whole setup may conceivably cause a strain = ∆R/R along the radial direction of the resonator, due to the much higher expansion coefficient of the copper support, α Cu (T = 3.52 K) = 2.3 × 10 −9 /K (Ref. 35) compared to α Si (T = 3.52 K) = 2.1 × 10 −11 /K (Ref. 28 ). This strain is converted into a change of the distance between the mirrors ∆L/L via the material's Poisson's ratio (∆L/L) = − ν. This hypothesis can be tested by considering the CTF at higher temperatures, where the difference between the CTF of silicon and of copper is larger. For example, at 20 K α Si (T = 20 K) = 4×10 −9 /K (Ref. 28 ) and α Cu (T = 20 K) = 0.27 × 10 −6 /K (Ref. 36 ). However, we find a CTF similar to our previous work (see Fig. 10 f) . The second zero-CTF temperature is T 0 = 17.4 K, compared to our earlier T 0 = 16.8 K.
Thus, more detailed studies are necessary to determine the precise reason for the zero crossing, including FEM simulations and measurements with different implementations of the contact surfaces between frame and resonator. 
V. FREQUENCY STABILITY
We measured the stability of the laser frequency when referenced to the silicon resonator using both techniques outlined above.
A. Medium-term frequency instability
The result of a frequency measurement, allowing to determine the medium-term frequency instability, and obtained with the linescan technique, is presented in Fig. 11 a. Here, the temperature of the resonator was at 1.47 K and was not actively stabilized. As seen in Fig. 11 a, the frequency stability of the resonator is compromised by the periodic variations of the laboratory temperature. This can be more clearly seen in the FFT spectrum of frequency and temperature time traces, presented in Fig. 11 b. We observe a modulation of frequency with an amplitude of 4 Hz at a time period of 23 min, which is identical to the duration of the laboratory temperature variations. Therefore, we only consider the most stable part of the data, exhibiting the lowest drift, and computed the modified Allan deviation (see Fig. 11 c) . We find that for integration times up to 1000 s the laser frequency instability is slightly higher than the beat instability of our two active hydrogen masers and approaches the minimum value of 0.5 Hz (2.5 × 10 −15 ) at τ = 1500 s. It is possible that this level has a contribution from the temperature variations of the resonator, see Fig. 7 a.
To verify our results presented in Fig. 11 c we apply the half-amplitude technique to stabilize the ULE laser light to both the 5 cm resonator and the 25 cm silicon resonator, using two independent AOMs (see schematic in Fig. 6 ). We use the frequency difference between these two resonators for the estimation of frequency instability. This procedure allows us to eliminate fluctuations of the ULE frequency and to avoid an introduction of potentially present additional noise coming from the frequency comb. The result of the measurement is presented in Fig. 12 . To determine the frequency instability of the 5 cm resonator we use the most stable part with a duration of 2 h. The calculated modified Allan deviation of this part is presented in Fig. 12 b. For integration times τ 10 s the resulting instability is below the instability of the maser. The beat with the ULE resonator shows an instability of 2 Hz (1 × 10 −14 ) at 1 s integration time.
For integration times from 10 s to 1000 s the instability of the Si5-Si1 beat follows closely the instability of the maser-maser beat and approaches the minimum instability of 0.8 Hz or 4 × 10 −15 at τ = 1000 s integration time. With the assumption that both resonators contribute equally to the instability we can divide the above result by a factor √ 2 and obtain 0.6 Hz (3 × 10 −15 ) at τ = 1000 s integration time.
VI. LONG-TERM FREQUENCY DRIFT
The long-term (τ > 10 000 s) frequency drift of the resonator is mainly determined by the length changes of the spacer due to the relaxation processes in the crystal lat-tice, and photochemical changes in the mirror coatings. The latter are found to depend on the cumulative irradiation duration by the laser and the applied laser power. In our previous work with horizontally oriented silicon resonators supported as described above, we observed an exponential relaxation of the frequency and a positive drift rate after a long time 7 . In those measurements, we interrogated the resonator with a pre-stabilized laser wave of 1 µW power for a duration of 1 h each day and blocked the laser light for the remaining 23 h.
The long-term frequency drift rate of the 5 cm resonator was determined by repeatedly scanning over its resonance line with the pre-stabilized laser light, over a time period of 425 days, starting at a day zero (MJD 58479.88), when the system reached the temperature of 1.5 K. The results are presented in Fig. 13 . We sub- tracted two frequency jumps, marked as J 1 and J 2 . They were probably caused by spontaneous relaxation processes in the crystalline spacer and/or in the substrates.
In order to gain insight into the drift behaviour, we varied the incident laser power. It was kept at 200 nW for all measurements up to day 154. From the following day and up to day 197 the optical power was increased to the level of 1.3 µW. It was reduced again to 520 nW for the days up to day 216. From day 320 to day 425 the power was subsequently reduced from 550 nW to 100 nW. On five days between day 102 to day 122 we optimized the incoupling of the laser light to the lower mirror of the resonator for the installation of the Pound-Drever-Hall setup attached to the vacuum enclosure of the cryostat. The incident light power on these occasions was on the order of 1 mW.
To determine the frequency of the resonator we used the linescan technique from day 1 to day 137. After this day, marked as P 1 in the diagram, we changed to the half-transmission technique. The daily interrogation duration was approx. 1 h on all working days except for two time periods from day 159 to day 197 and from day 320 to day 425 when it was increased to 12 h and to 8 h on average, respectively. The laser light was blocked between the measurements from day 1 to day 158. For the two mentioned time periods from day 159 to day 197 and from day 320 to day 425 the laser light was not at resonance when no measurements were performed (i.e. for 12 h per working day, 24 h on the week-end days) but it was still incident on the front mirror of the resonator.
Starting immediatly after cool-down, we observed a relaxation of the resonator frequency with a measured total frequency change of 6 kHz over the first 100 days. We denote this measurement period as Part I in Fig. 14. The frequency change is positive, meaning that the distance between the two mirrors is decreasing with time. The rate of frequency change is not constant over time.
At the end of Part I, the drift rate was 9.7 × 10 −19 /s. This value is a factor three higher then the drift measured on a resonator with comparable dimensions by Ref. 24 and a factor seventy higher compared to our previous result obtained with a 25 cm long silicon resonator 7 . However, this latter drift was measured after almost a yearlong continuous operation at 1.5 K. The drift after the first 100 days was almost identical to the current result, 1 × 10 −18 /s.
During Part II ( Fig. 13 b) , on five occasions with a duration of approx. 4 h each (marked as T i in the figure), a laser beam with 1 mW optical power was coupled into the resonator mode for most of that time, through Between day 217 and 318 no data was recorded, because the temperature of the resonator was changed to measure the coefficient of thermal sensitivity. J1 and J2 mark two frequency jumps that occurred during the measurement, P1 marks the time when we changed from the line scan technique to the half-amplitude detuning technique. The legend sates, for each part: the incident optical power of the laser during the measurements, the measurement duration per working day, and whether the laser light was on or off in-between measurements on subsequent days. a cryostat window and into the bottom end of the resonator. Frequency measurements during this time interval (performed as usual) display negative frequency changes. After each optimization of the PDH setup there is a frequency jump on the order of −2 kHz to −3 kHz. These jumps have different sign, compared to two jumps J 1 and J 2 (see Fig. 13 a) , suggesting that the two underlying processes are different in nature.
After completion of the optimization we observe an exponential relaxation process with τ = 6.6 days over the next month (Part III, see Fig. 14 c) . As can be seen in Fig. 13 , the resonator frequency did not return to the original value, implying that the changes induced by high-power irradiation were permanent. optical laser power, where we continuously decreased the level of optical power from 550 nW to 100 nW (see Fig. 15 a). To simulate the realistic conditions of a day-to-day operation of the resonator we increased the duty cycle to an average duration of 8 h per day (see Fig. 15 b) . To exclude possible thermal influences we actively stabilized the temperature at 1.4 K during this time period. In line with the measurements in Part VI and Part V we observe a decrease of the frequency drift with reduction of optical power. The lowest drift of −48.7 ± 3.5 Hz/s (−2.6 × 10 −19 /s) is measured at an optical power of 100 nW.
Our observation of negative and positive drift is in contrast to results presented by Robinson et al. (Ref. 24) , where the drift was always negative, regardless of the optical power. This discrepancy may be due by the differences in the mirror coatings, as well as differences in purity and internal stress of the mirror substrate material. Another factor could be the length of time that the resonator was operated at cryogenic temperature.
VII. CONCLUSION
We have developed a relatively simple system for the stabilization of the frequency of a laser on short-and medium time intervals, with the goal of reaching a performance and a reliability comparable to a hydrogen maser.
The system is based on a 5 cm long, vertically oriented, silicon resonator operated at cryogenic temperature. The system was characterized in detail. First, it is capable of continuous operation. Except for realignment after initial cool-down, no significant intervention is necessary when the resonator is operated either at 1.5 K or at 3.5 K. Here we reported on over one year of data, and characterization of the resonator's properties.
Second, the resonator vibration sensitivity was measured as 3 × 10 −10 /g in fractional terms. Together with vibrations produced by the cryostat we expect this to be the limiting factor for the short-term frequency instability of the resonator, which is equal to 1 × 10 −14 at 1 s.
At long integration times (1500 s) the instability is not more than 2.5 × 10 −15 , similar to the instability of the reference hydrogen maser.
The long-term frequency drift rate was found to depend on the power of the interrogating laser wave and on the duty cycle of the interrogation. Our results, together with previous studies 7, 24, 27 , indicate that in the limit of very low interrogation laser power and very low duty cycle the drift rate becomes extremely small.
By varying these parameters we could change the amplitude and sign of the drift rate. The drift rate can be rather precisely modified and this feature might in the future be used to produce a nearly drift-free frequency reference.
We also characterized the temperature dependence of the resonator frequency. We found two temperature values at which the frequency has zero sensitivity with respect to temperature: 3.5 K and 17.4 K. While the latter value is well known, the former is new. The much smaller temperature derivative of the thermal frequency sensitivity at 3.5 K is highly advantageous, allowing to suppress temperature-induced frequency instability below the Brownian noise for all integration times. Moreover, the temperature value 3.5 K is sufficiently high that it may be reached in cryostats not equipped with a Joule-Thomson stage. This implies reduced complexity, purchase and maintenance costs. Detailed studies are necessary to determine the origin of this promising property.
To improve the performance of our system, a cryostat that decouples vibrations of the cooler from the resonator is required. Such cryostats are commercially available. We also note that the linewidth of the resonator (24.2 kHz) could be lowered by replacing the current mirrors with mirrors having lower loss; this could also improve the performance of the system. In the future, a more precise characterization of the instability could be done using as reference a high-performance atomic standard (Cs clock or optical atomic clock).
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